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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECENICAL NOTE NO. 859 s T

ON THE DISTRIBUTION OF STRESS IN A THIN PLATE
ELASTICALLY SUPPORTED ALONG TWO EDGES AT L
LOADS BEYOND THE STABILITY LIMIT

By Louis ¢, Dunn : -
SUMMARY

This report presents the results of an investigation . .
on the distribution of stress in a plate elastically sup- =~ =~ 7
ported along two edges and subjected %o compressive loads
in a direction parallel to the elastically supported edges.

In section I methods are developed for calculating: -

l. The compression stresses at the median gurface in S
directions parallel and perpendicular to the T
apprlied load. oI

2, Bending stresses S e
3. Combined bending and compression stresses

4, The effective width of sheet acting with each
stringer

Section II presents the results of a limited number _ .
of tests on: : oLl

1, The wave form of the buckled plate with inereas-
ing stringer stress o el T

2. Compression tests on 245-T dural sheet and 24S§-7
alclad sheet

A comparison between the assumed wave form and the
experimentally determined wave forms given in reference 4 .
is indica®ted in section I. The caleculated strains kave = _ ==
been compared with the measured strains of reference 4.
The discrepancies between theory and experiment are dis-
cussed in sections I and II.
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INTRODUCTION

A considerable amount of theoretical and experimental
work has been done on-the stress distridbution in thin
plates at loads beyond the stability limit, as 1s evidenced
by the roferences included at the end of this report. The
two important factors which enter into the theoretical cal-
culations are the amplitude and the wave form of the buck-
led plate as a function of the ratio of the edge stress to
the buckling stress. Several approximate expressions for
the amplitude have been derived, (See references 1, 2,
and 5.,) OCalculations of the exact wave form after buckling
are extremely complicated even for simple caseg; for cxam-
ple, a circular plate with a simply supported edge and sub-
Jected to a uniform compression load in the plane of tho
plate (reference 6). For this reason, in the case of rec-
tangular plates, it 1s customary to assume that the wave
form after buckling remains constant and equal to that at_
buckling. *

The majority of investigators have assumed a wave
form which satisfies the boundary conditlons of simple
support along all four edges. This type of ecdge guppord
s vory seldom realized in airplane construction since the
edges parallel to the applied load are usually supported
by some form of gtiffener; that is, the cdges are clasti-
cally supported.

For the practical usage of thin plates the distridbu-
tion of the median fiber stress and the bending stress
is of importance. The first is important in the effec-
tive width calculations and the latter in the calculations
of the maximum stresses for permanent deformations. Since
these stresses are functions of the plate curvature,it is
desirable to have a reasonably close approximation of the
correct wave form. The condivion of simple support along
the edges requires zero bending moment at the edges;
however in the actual case the bending moments along the
elastically supported edges are different from zero.
Also, the maximum compression stress at the median surface
occurs at these edges, so that for the effects of combined
bending and compression stresses it ie importaunt that the
elastic support along the edges be considered. ’

In the present report a theoretical calculation has
been carried out in which the influence of the elastic
support has been taken into account. ¥No attempt was made

X
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to calculate the exact wave form after buckling; it was
assumed that it remains constant and equal to that at
buckling. The deviation of the experimentally obtalned
wave form from the assumed one is shown in secticn II to
be gquite gsmall at relatively high stringer stregses.

Since the amplitude also checks the experimental values
closely, it seems reasonable to assume that the calculated
stresses wlll be in good agreement with the actual valuss.

This investigation, conducted at the California Insti-
tute of Technology, was sponsored by, and conducted with
financial assistance from the National Advisory Commities
for aAeronzutics.

The author wishes %o acknowledge his appreciation for
the advice given by Dr. Theodor von Kérmén during the prep-
aration of this paper and to thank Dr. Hsue-Shen Tsien for
. his willing cooperation,znd Mr. Alfred Slater for his

assistance. '

I- THEORETICAL DISCUSSION OF THE FROBLEM

For a plate subjected to a uniform compression load
along two edges and elastically supported along the edges
parallel to the load (fig. 1b), the influence of the elas-
tic support on the wave form at buckling, and on the buck-
ling stress has been considered in reference 5. For sym-

‘metrical slastic supports the wave form at buckling is
given Dby

= [A cosh ay + B cos 67 ] sin ¢x | (1)
where: . _
,—O————-—-——— . 7 -
o = fuPrr® + / m®mB Oct X 7 ‘3 v
J’ a2 a® D s
_ n?r® mZg® Ogt | R
6=/ """+ 8
a a D : -
= MO - -
a
EE___ V
121~V

Oe buckling stress, pounds per square inch
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v Foisson's ratio

m number of half waves

£ plate thickness, inches.
a plate length, inches

b plate width, inches

If it 1s .again assumed that the wave form after buckling
remaing the same as at buckling, the distribution of com—
pression and bending stresses can be calculated. Since
the boundary conditions at the edges are given in terms
of displacement of the median surface of the plate, it isg
convenlient to deal with displacements rather than stress.
For the plate-the following assumptions are made:

(a) The plate under consideration is one of the panels
of a continuous plate attached o stiffening elcments of
egual flexural end torsional rigidity, spaced a distance D
apart. (See figure 1la.)

(b) The length of the plate is large in comparison to
its width Db, =80 that its behavior-is not influenced by
length. . - S o

Then the boundary conditions along the elastically
supported edges are: :

(2)

u + €gy x =0 at y = ig
v=20 at y = ig (3)
w=0 at y = ig (4)
and in the =x direction : -
w=0 at x = % _ (5)
w=-gg & at x= 8 (51)

where u and v are the displacements of the median
plane of the plate, in direcctions parallel and normal to_ .
the load respectively, and ¢4y 1s the compressive strain

in the stiffeners. In applying expressioans (1) through
(5!') to describe the deformations of the btuckled plate, the
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conditions of gero ecurvature and constant displacement at
the nodal points =x = a/m of the buckle are satisfied.

The conditions along the edge y = b/2 fepend upon the
torsional and flexural rigidity of the stiffening element
as well as the method of attachment. The influence of

the torsional rigidity is taken into account to some ex-
tent by the assumed wave form. Since the plate under
consideration is a panel from a continuous plate, the v ,
component 1s zero at the edges ¥y = ib/z by virtue of

the continuity of the plate in the y direction. Tkis
condition is probably closely realized in actual structures
such as wings where the sheet is continuous around the wing,
or where the sheet is riveted to hesvy fore and aft spars.

General expressions for the displacements wu and v
can be determined from the equations of equilibrium

acx+a-l"‘:"--o
Sx oy ©
o0 T :
A X _
sy * 8z =0 (e)

and of strain -

1))

N
€_ . ou 1(: w l(:c vo >
- = S8 4 L\ O¥ = £ -
*E 5 T E\ax /T ELF v
. av 1 aw\a i/ . s\
= —— + — o S—— S —>) -
€377 By 2<.ay) E(oy Yoz )
- _ ‘u 3Y ,OW_Jow 2(1 + v)
= S 4 OV ,OW oW _ 2( v
Yzy T 3y = 3z Tax ay. B Txy (7)

By substituting the relations of equations (7) into equa-
tions (6) the following two equations connecting u, v
and W are obtained:

Fu , Fu 1L+ v 3 a11_+az\+_1__a_7/mr.a
3x= Sy= 1 -~ v 3x\ 3x 93y / l-vaxL\ax

‘aws? ow 3%w Aw aew
+ == 4 T S e = =
\3y/ } 3x 3y2 OF 3%y ° (8)
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2y 2y - :
5] a y 20, LE v o /ad . QV->*__~L__ Q_[ LA
- 3y dx% 1 -V 3y\ ax_ ay. 1 -v oy 3x,
/aﬁ)g].' 2%w aw 3w Q_w
SW) oy 2L oW =0 9
'+\ay 3zx® 3y 3z 3x3y : (9)

Substituting expression (1) for w, equations (8)
and (9) become -

3%y d3%q 1+ VvV 3 /3a  3vd '
2 T Jo2 X o\TT+ )= - sin 28x(k,! 2
3x=2 Sye + 1 ~-7v 3x \3x By/ sin ¢x( 1! cosh 2ay

+ k2! cos 2By + k3! sinh ay sin By + k,' cosh ay cos By + k)

(10)

3%y aav 14+ v 3
+ = - co8 2¢x{ k, sinh 2
dy® axa 1 - v 3y $= i i

+ ky cosh ay sin fy + k; sinh ayicoe Py + k, sin 2py]
- L ky sinh 2 ay. + k; cosh ay sin By + k, sinh ay cos By

+ kg sin 2By] (11)

where kit = A (3P4 6% kg - gEB0 (5% 6°)
-¢[A (;'f' Fva) + 3 (¢—1’ﬁ )]
- 1+v =
= ~ABG,B¢<1+V > kg! = -ABP ( + > ke ! C2(1-v)

—-25 : ABB... 3 : “hBa .
k1=§ﬁl%(¢a+ﬁa) k2=m(¢ + BB);._ k3= (o) (g% + 82)

_ -
i (8%-v¢?) k8=3—f"—<se-v¢8>

”’(1-w 2(1~ 1)
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By ianspection of equations (10)and (11) it is apparent
that the particular integrals can be written with undeter—
mined coefficlents in the form:

U = sin 2¢x[M1 cosh 2ay + M, cos 2By + ¥, sinh ay sin By

+ M, cosh ay .cos. By + M ] (12)

v = cos 2¢x[1~1’1 sinh 2ay + ¥; sin 2By + Wz cosh ay-sin Py 7 -
+ N, sinh ay cos fy] + N5 sinh 2ay + Ng sin 2fy
+ N, cosh ay sin By + Nz sinh oy cos By (13)

The coefficients . ¥ &and N are determined by direct sub-
stitution in equations (10) and (11), and are as follows:

M =-.'9'_i¢_. M _ﬂ M =2AB¢3UJB(1+U)

1 16 a - 16 3 ((X;a +Ba)a —“;Ti
B =% '}.1=="Aa(¢a + V) - B® : a.-vsa) - |
N B""'_)g s 16 ¢ ' B

-k ¥y = I R A O £%)(8% + vp™

16 16 ® (a® + pB)°

N,o=—25%  Tug* s (6° - D=y £11 gs'; ~4%(q 2 + v g®)

(@® + §2)8 | 6o
_Ba(v¢a_ BB) __:A:BB(U¢2 - G,'E)
NG = N7 =
-16 B : W + 8%
w o ciBag® + 6%) _
, 'u<¢’"+ B

The particular solutidn of the differential equatlons
(10) and (11) gives the primary displacements u ‘and ¥ -
due to bending. The complementary solution of the homoge- '
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neous differential equatione (that is, the equations ob-
‘tained by equeting the right-hand side of equations (10)
and (11) to zero) gives the induced displacements due to
bending.

In view of the boundary condition (5') the appropri-
ate complementary solution can be shown to be of the form
u = L(Ci‘ + Cg') cosh 2¢y

+ C,! 2¢y sinh 2¢y] sin 2¢x - ¢ . x

gt
r/2 = 2v
T =L<———--—--—-—- C.,! - Cl '> sinh 2¢Y

-0, 20y cosh Bﬁy] cos 2¢x + e'yy

The general expressions for the displacements w and v
can now be written as
u o= [(cl' + ca-') cosh 2¢y + c ! 2¢y sinh 2'¢y _

+ M, cosh 2ay + M, cos 2py + Ma sinh ay sin By

+ M, cosh ay cos By.+ Ms-_] sin 2fx - €gtx (14)
/2 . 20V
={{2-=—%2Z gV - ¢ inh 2 - 12 h 3
v L el . > sinh 2¢y c, dy cosh 2¢y

+ Nl sinh 2ay + Na sin 2py + Na cosh ay sin Py
4+ Na sinh Qy cos By] cos 2¢x + Ns sinh 2ay + NG sin 2By

+ N7 cosh ay sin By + Na sinh ay cos By + elyy (158)

Since the boundary conditions indicated by expres-
sions (2) and (3) must be satisfied for all values of x.
it is necessary that the terms of expressions (14) and
(158) included in the square bracket®, vanish when y = £b/2%
In addition, the boundary.condition (3) requires that .tho
remaining terms of expression (15) vanish when y = *b/3.

From these conditions the constants (' and ', and

' ey' can be determined, their respective values being
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- h go
ot o= 1 F, sinh ¢b + ¥, cosh § (cosh db
1 cosh o | 2 =Y ginh @b cosh b - @b
1+ v _
+ ¢b sinh gb) - Fl]
at ¥, sinh b + F5; cosh ¢gb
g2 3 -V -
=T sinh @b cosh ¢b - #b

.
e'j == Z|¥, sioh ob + N, sin fo + ¥, cosh %2 sin B2

' inh B2 8
* Ns‘81n 5- ¢08 3

F, = M; cosh ab + M, cos Bb + M, sinh &2 gin ED

2
+ ¥ cosh @B oos B +
4 2 P2

= ; - ab
F,= N_ sinh ab + Ng sin PP + Ns cosh 5 S

+ ¥ sinh-2B gos B
4 T2 -2

The constants appearing in the expressions for =
and Vv are now all evaluated in terms of the quantities,
A, B, '@, B, and @. Therefore, the stress at any
point on the median surface of the plate in the direc~-
tions x @gnd y can be calculated in terms of these
quantities from the following expressions:

E - R . .=
= ____S__ i = 5 __ a?'_ _a..z.
Cx e 'I}? Lex + UEY] 1 o vg— [EI + v ay
- ' . ) }— !/ aw\a l,- aw- 2
- ~-7-ﬁ3\$@-+-2u(%>-}

(18)
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where B, 1is Young's.moduluq for sheet

O'y:

Eg e ] Es 3 aw)
= + Ve 8 2¥ A" w
v e Lay + v Ox + 2 <_ >

+ l §§> ] (17)

le=v 1=V

Substituting in equations (18) and (17) the values of u,
v, and w gilven by expressions (1), (14), and (15) gives

B
ox = ff%;{(y4' + F ') cos 2fx +Fg' + F,' cos® ¢x
- s )
+ F_ sin® fx - e + vd'y} (18)
r ' 1 |
Oy = —vglva U G-Fs’) cos 2¢x + P S 'cos® ¢@x
1 .. 8
+=F_ ' sin” gx + e!'_ - ve J (19)
8
where v ¥ ot
F, [(614 + €,') cosh 2@y + c,' 2@y sinh 2¢y
+ M_ cosh 2ay + M, cos 2By + My sinh ay sin By
+ M, cosh ay cos By + M5]2¢
-/2—217 ~
F = DL T Ca' - 01') 2¢ cosh 2¢y - Ca'(4$; sinh 2@y

+ 2¢ cosh 2¢y) + ¥. 2a cosh 2ay + ¥_ 2p cos 2By

+ N

F,!

8(& sinh ay sin By + B cosh ay cos By)

+ W (o cosh ay cos By - B sinh oy sin Ey)}

= UCNB 20 cosh 2ay + N_ 2B cos 28y + ¥ _(a sinh ay sin By

cosh oy cos By) + Na(a cosh ay cos By -~ £ sinh ay sin By)]

» a 2
(4 ¢osh ay + B cos By) @

favl g

a3
= %-U(Aa sinh ay - BB sin By)
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Before any numerical caslculations of the stresses Uy
and g, can be carried out it is necessary to first eval-
uate t%e quantities A, B, a, B, and @. The constants
A and B can be evaluated from the boundary condition
of expression (4) and the condition that at y = 0 and

x ='§E’ the deflection w is equal to the maximum ampli-

tude Wqe From these conditions the followlng wvalues forx
A and B are obtained:

cos %9
A= w, [ ] (20)
cos B - cosh &b .
2 2
- cosh &P
B =-vw = (21)
° b ab
cos cosh
2
To evaluate the maximum amplitude, Wy, another
boundary condition is necessary. 4t the pvint y = 0
and x = a/m ean empirical expression for the'ﬁtress at = TaE
1/2
e]
. — r
the median fiber of. the form o, = cr(l < >- appears -

to be in fair egreement with the experimental evidence of
reference 4. The comparison is shown in figure le. -~

In the expressions for «, £, and “$ the only un-
known Quantity for a given panel is the. half—wave length A,
It is therefore desirable to detesrmihe a general expres-
sion for A. When dealing with a plate of large -a/b
ratio, the wave length of a buckle will not be influenced
by the plate length, but only by the plate width and the
elastic support along the sdger ¥y = %b/2. Hence, for
large a/b ratios, the ratio of the half-wave length %o
the plate width can be calculated.as 2 function of the
parameter [, where’ .

“, T e T= e Etsb__.._—
C 12(1-v3)¢

The method of calculating p is given in reference 5.

The critical buckling stress of the sheet between
stringers was shown in reference 5 to be given by the tran—
scendental equation _ —
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’ = H
JOU =8 taniJ/ou-0" + V/oy+8" tannl Jour o + 2o Lo

(22)
n . ] P 28
-al g Jer PP _12(1 - v2)b der ]
o 12141 . D - Bt®
§ = Tk
A

. For large values of the ratio a/b the guantity ¥
-is a constant for a given value of 4 and the value of
b/A is glven by the expression’

v _
g = °
or . )
] o e
O = 20 .0 L./6y - 6% &+ L (8V - 20%) sec® L./ 0w - 0° ’
Jey - ez 2V 2 2
2 - . . o
+ Byt 206" tanh -L/BY + 0% + L (y + 20%) sech® Ll./ay + 02
«/me\ll Yy 2 ) S . 2
- é\é’_& =0 - (23) ’

From equations (22) and (23), the value of b/A or A/Db
and the valuwes of VY as functions of - can be determined
and are shown in figure 2. It should be emphasized that
these values of V¥ are the minimum values corresponding

to given values of .

Now observing that, | *

ab = /0% + 8y, Bb =Joy - 8%, gp = TR : :

. A 1

it is secen that the coefficients M and N appearing in .
the expresslons for n and v can be determined as fung- -

tions of u if the coefficients are multiplied by b/wy .
For example
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Bb
a 5.2 cos 2
. M1 = A__Q. = 9 ¢ [ 2 ] (24&)
16 18 Lcos BR - cosh 22 ‘
os B0 °
: cos 8
. Bo gl 3 [ “(24v)
_ = -
\ %o 16 Lcos %E ~ cosh %ﬁ : - - -

and since @b, ad and 8P are all known for a given value

b
of W, the quantity ELE can be determined as a funcition
. %o :
of . All coefficlernts have been evaluated in this form
and are shown in figures 3 to 6. The constants 0,' and
Cy' can be evaluated in the same manner.

In order to simplify the necessary calculations 1% is

- desirable to write the functions F ', P ! g&nd so forth,
in such a form, that they can be evaluated as functions of

the parameter . It can be seen that if these functions

2 i _.

are multiplied by JLE the expressions (18) and (19) can
. . WO

“be written in the form

% Yo [ g 2
O = : Fqe + Fg) cos 2¢x + ¥, + F, cos°@x
(1 - vHpel "° s e T
+ P, sin® ¢gx + v_e_!y} - Eﬁf_i&g
RN ¢-T-)
| Bg w2 ' /
o, = —2 | 1 1
g v (l—va)ba[( P, + 5 F,) cos :a¢x+vz'!5
1 VE €
2 8. : - x- st
+ VF, cos ¢x + > F, sin gz + ey] TP
where
N 2. 2 2 -
b- el P FL — b ¥g!
ey = _—_EI' r, = : F, = —a;g—- ‘and so forth.
- ¥o Yo Yo
The functions ¥,, Fg, Fg, ¥,, and ¥, can now be eval-

nated for various values of y as functions of the param—'
ebter | and are shown in figures 8 %o 12 inclusive. fhe
counstant ey is independent of y and is shown in figure
7 as a function of .
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The amplitude wg can now be evaluated from the con-

.. _ 1/2
dition that at y = O and x = a/m the stress g, 0 ;)
' g

Writing for «eg4 its equivalent %23 and . noting that
' “at
. . w
in equation (25) applies to the sheet, the value of 1%

is obtained as follows:

O, = =0 (9&5) = s Y | P, 4P +TF_+F 4+ Dey] - 8 I8t
X cr o) (lﬁ'va)b" 2] 7 y=0 (1_v¢.)E8t
or (286)

- S Cgt Zy ©
- - u CI‘
wWhere: _.___‘ _; A o __.__,_;_;_’__ Vg - T
Cst stringer stress, pounds per square inch
Es Young'!s modulus for the stringer, pounds ‘per . square
inch

E Young'!s modulus for the sheet, pounds per square ‘inch
~ ' : ’ .

Tgo =LF4 + Fg + Fg + F, + vey}
y=0

The expression for Fg can be evaluated as a function of
the parameter ' and 1s shown in figure 13, Substituting
equations (25) and (26) gives = :

-

cr
E o] Car )
o S . [/ Ost _ (1~v ) cr st >I(F + %5) cos 2¢x + 7,
ﬂ*v ). Fs\ Est
o LT - E a
+ F7_cos? gx + Fgy sin” dx + ve%] - st (27)
' (1-v®) Egy

/Ccr
E / i-v
o _ s Cgt ( ) cr Uat)l(w + -F )cos 2¢x
T e G

vE (28)

a2
+ %’E& + VF, cos? ¢x + % Fg sin ¢x + ey] ~ ___5__952
(l'va)Est
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~ -

The actual load carried by the plate for a given stringer
stress and also the effective width can now be calculated.
The total load carried by the plate is given by ’

v/2 ' - o

and the effective width is by definition } S ”_

/2
2weto‘st=2tfcxc1y'
. [o) -

or the ratio of the effective width to the plate width is
:‘ .D/2'1

Yo o _1_
5 =T fcx &y (29)

i

Substituting for o, the expression (18) and inte-
gratiag gives

P - - - - J—

-

/e . _
a-- . ES_ ) 1 -. : ‘| ) t 2 -
Ox ¥ =% F o' cos 2¢x + F ' + F ' cos L
o -
" + B '~§in3 dx - est___t_’_l,u];r b
where: e 2 ' Vo2

. / - N - . N
Fio' = (1-v)&01' + gzzﬁé)sinh o + g6, ' (1~v) cosh b

[

+< ¥é2-+ UN;) sinh ab + <¥%ﬁ_+ VN;) sin BB + Ljr—gg—g(aMs

o + B
2¢
L+ B

-
+ BM,) + Vﬂs] cosh %2 sin %§-+ L—
.8 o

5 3 5 (aM, - BM;)

+ UH4] sinﬁ'%} cos %} +.¢b M
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-
Pt o= DLNS sinh ab + N, ~sin BD | | )
+ N, cosh &2 sin BR 4+ ¥ _ sinh @D cos QEJ
, 2 2 2 2
a; o 3 2
A T A2 B® oin
¥, 5 L4(A + BY) + T, Sinh ab + 25 sin Bb

24AB ab Bb ab BB\
+ = f:—gﬁia sinh 5~ cos = + B cosh 3~ sin /],

) e 2 2 2 a 2
F .1 = ) [h (Bp = aa )+ AZQ sinh ad - B8 sin BD

13 4 4
2ABOB Qb gin BB _ AR Lo BUY]
aZ + B8 & cosh 5 sin 5 B sinh 5 cos 3 /J
If the expressions for ¥, . ', F, ', and so forth, are
multiplied by ;EE the above equation can be written in
o
the form
b/2
E w 28 7 a
g &y = 29| P  cos 2¢x + F , + F_, cos @x
(1-v%)p L
+ 7, sin® gz + 22 ] - E&.Ei?_
2 2(1-v2)
v ° b B
where a8, = —5 eot,, F = —=- ¥ 1, and so forth.
¥~ o2 °F 11 T g f 11!

Substituting the above expression in equation (29) (noting

- Ve
that 044y Lis negative and Py, = ~ ~§x0 and the value

w .
for <% -from equation (26), gives
' a3/a
Ve _ _ cy(.‘,?l.'> :] 1 [F -
- = - ——— = cos 20x
b [ (1—v )E g4 ( Fg L *° ,¢
+ F cos dx +.FI sina ¢x] % Zs 1 (30)
_ 13 13 2(1-v2)Bgy

—
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As indicated by equation {(27), the distribution of
the stress across the plate also varies 'in a lengthwise
direction. The total load carried by the plate.is given
by the stress distribution at the nodal limes. For exam-
ple, if a stiffened plate is tested in compression, the
total load on the plate as measured in the test, is that
which exists at the head of the test machine, namely, at
a2 nodal line. The variation of the transverse stress
distribution®between nodal lines is balanced by induced
shear stresses at the stringer, and does not influence
the total load carried by the plate. However, the com-
pression stress in the stringer will be influenced to
some extent by the lengthwise variation of the plate
atress; that is, the total load in any transverse cross
section of a stiffenecd panel being constant, any varia-
tion in the sheet load must be transferred to- the stringer.
This means that the compression stress in the strianger
will be influenced by the lengthwise variation of ths
plate sfress, The extent to whiech the stringer stress
will vary between nodal points of the plate, will depend
-on the ratio of the stringer cross-section area fto tae
plate cross-section area.’ . :

The transverse stress distributions at the nodal lines
and at the maximum amplitude positions have been calculated
in ferms of the ratio Gx/Gcr for =0 &and U = =, and
are shown in flgure 1l4. Although at the nodal points a
congsliderable difference in stress intensity occurs at cer-
tain values of ¥y, in going from p = 0 to w = e, this
difference occurs only over a& narrow region so that the
total load carried by the plate is not greatly affected
by the elastic support along the edges. At a stringer
stress of 10 times the plate buckling stress, the simply
supported plate carries 19.5 percent less load than the
.one with clamped edges. - -

The digtribution of the . Oy stresses at x = ga
. : m

is influenced to some extent by the irduced transversec
stresses. As shown in figure 14, at the center of the
buckle the stress changes ta tension for the edge condi-
tion @ ='0; - whereas, for | = = there is no appreciable
change. However, in the latter case the edge stress ig
considera®ly reduced; whereas, the edge stress for pu = 0
changes only slightly. This transverse stress disiribu-
tion is primerily of interest in the calculations of the
maximum combined stresses, for the maximum bending stresses
occur along the line x = gLu

m

As previously pointed out the distridbution of stress
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at the .nodal lines gives the actual load carried by the
plate and any variation of the stress distribution be-
tween tlhe nodal lines is balanced by shearing streeses

at the stringer. Therefore, the effective width of gheect
acting with each stringer would be given by equation (30),
when @¢x = 1, 2, 4, and so forth, or

/
Yo o L s 2R EL: (21)
b 2(1~v8) Bgy ~ (1-v )Est Out

where F14 = F1o + 13

The values of ¥,,, for various values of y, are shown

in figure 15. If the calculated effective width is to be
compared with experimental results, further conslderation
must be given to the method in which the experimental re~
sults are obtained. From the previous discussion it is
obviousg that the compression stress in the stringer i1s not
constant along its length but is a2 minimum at the nodal
lines of the plate, and g maximum at the maximum amplitude
of the plate. To obtain the sxperimental values of effec~
tive width, 1t 1ls only necessary to measure the stringer
stress corresponding to a given total panel load. The
load carried by the plate alohe can then be determined,
and by the definition of the effective width, its valuc.
becomes immediately calculable. However, if the stringer
stross 1s not constant along ites length, the effective
width thus determined would be a function of the position
at which the stringer stress is measured. The experimen-
tal resgults given in reference 5 were obtained by averag-
ing the measured strains, employing from 8 to 18 gages
mounted as shown in figure 10, of reference 5. It is likoly
that the average of these measurements closely represents
the average strain in the stringers. Hence, the experimen-
tal regults thus obtained should be compared vith the cal~-
culated effective width corresponding to the integrated
mean value of the plate load between nodal lines, rather
than the load existing at the nodal lines. The effective
width based on this integrated mean value of the load can
be obtained immediately from the integrated mean valune of
equation (30),that 1is,
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m/a
O R
mean (1-v%) Egt Fs L(l—v YBgs R
. r\sfﬁ T R . . '; _‘ .
- _Q_
ot :H:Fio cos 2¢x + Fia cos ¢z + E‘13 sin ¢xJ} dx
5/a
= 1 Bs _ Tis [ B - <Oc{> ] (32)
2(1-v2) Bgt Fg | (1-v%)Egy Ost/ -
F,p + P,
where P, = 18 13
2 -
The value of F._, as & fﬁnction of @, 1is indicéfeé o

15
in figure 16. Assuming Young'!s moduli %o be the same for

the plate and stringer the mean effective width curves for
the two limiting conditions, that is, p =0 and u =

are shown in figure 17. The. effective width values given
by equation (32) are slightly lower than those given by
equation (31), the maximum difference being of the order
of 6 percent,

In celculating the effective width for any plate-
stringer combination, it should be kept in mind that the
torsional rigidity of the stringer varies as ost increases.

Since both F, .and F, are %unctions 0f u it is neces-
sary to correct these quantities for the change in torsion-
el rigidity of the stringer as Og4¢ “increases. Equation

(25) of reference 5 can be written in the form
dQQ ' . .y a°@ ' mTx ‘ (33)
B,y © 2. + (0gi, - C) . in BOIX = @ - (33
st VBT 3% | x p. ax? a r

where
Est Yéung's-mbdulus for %he stringer i_ T DT
GBT \torsion 5§nding cqnstant (refere?ceé 11 and'}g)*“
G% _axiél compféssi%e stress in the étrinéer

1. _polar moment of. inertia of the stringer section
about the axis of twist -

™ B 0 T B Fr— e
' .

*See appendix &, for;examﬁle;
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c torsionel rigidity of the.stringer

KM sin B2 poment transferred by the buckled plaete to
the stringer

& init torsional deflection of the stringer

Neglecting end effects, a solution of the above equa-
tion ocdn be written in the form

d = A sin TOIX
from which a

A =

_X
Egt CBT(“—;E)“ + (¢ "oxIpK%E)a (34)

Since the amplitude 4 is a measure of the torsional
stiffness of the stringer the ratio

Cr _ Ao Egt Cpr (ﬁﬁw + ~ ox Ip)
¢ A - ~
t%m("‘)"‘c

would be a measure of the change of the torsional stiff-
nesg of the stringer, where Cr 1s the reduced torsional
stiffness of the stringer and Ay corresponds to 4
when Ox = 0. This eguation then allows a calculation

of the variation in torsiomnal rigidity of the stringer
with increasing stress.

(35)

The experimental values of effective width for a num-
ber of panels have been compared with the results given
by equation (32) and are shown in figures 18 and 18a.
The curves are the calcoculated values corrected for the
change in torsional gtiffness of the stringer with increas-
ing stress, and taking into account any difference between
Eg and Bgy. As indicated by this comparison, the cal-
culated results do not compare favorably with the expori-
mental results. This is particularly true for the torglon-
ally weak stringer. Although thé correction for reduced
torsional gtiffness of the stringer recognizes a change
in wave form of the plate with increasing stress, it is
felt that the magnitude of this correction does not fully
compénsate for the actual changes in wave form which nay
oceur. It is believed that this is the principal cause of
the deviation of the caleunlated values. It should also be
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noted that the derived equations are only valid below the
proportional limit. It has been proposed in literature
on the subject of effective width, that above the propor-
tional limit it is only necessary to replace Es vy Eg

where Es is the secant modulus. This is a fallacy, for

only that portion of the sheet subjected to stresses above
the pr0portiona1 limit is affected by the change in BE.
The distribution of stress in that portion of the shest
subjected to stresses below the proportional limit remains
unchanged. Above the proporticnal 1limit it is necessary
to make a point-by-point correctiorn for the reduced wvalue
of E. It will be appreciated that = blanket application
of the secant modulus will reduce the stresses throuvghout
the entire sheet and theredy incorrectly reduce the effec~
tive width. In figures 19 and 20, a point-by-point cor-
rection is illustrated for the J-seciion panel with ,040-
248-T alclad sheet, The method consists essentially of a
calculation of the strain eg ', at the medlian fiber in-

the x direction, where
€x + Ve
. X Y .
€ 1t =3 - . _(36

The working expression for ex!'! was obtained directly
from eguations (16) and (18). This strein distribution
was then plotted and the corresponding stress in the sheet
obtained from the stresse~-strair- curves of figures 36. OF
course, using the stress-strain curve obtained from a uni-
directional load is not strietly correct. However, if o
is small in comparison to Oy the method should at least
approximate the correct stress distribution. A study of

these curves indicates that the reduced E, above the pro-

portional limit, is not sufficient to account for the dis-
crepancies of the effective width calculations indicated

in figures 18 and 19. OFf course, the above method does

not consider the effects of the induced bending stresses.
The dimensions of the stringers are shown in figure 42,

and the stress-strain properties in figures 38 to 40. (The

data on the J-section was supplied by the Lockheed Aircraft

Corporation) _ Co

The =x components of the bending stress are computed.
as follows: ' - = =

= Bz Y¥x
B~ 1-»2 D

(37)
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where Z 1s measured from the median surface of the plate.
Substituting for 2 its maximum value +t/2 and for My
the expression . -

2y 2
Mx=-D<a +v§-—"l>
\ ax® ay?
equation (37) becomes

B, ot 2 3 ' '
- g 33w d ﬁ)
xB 2(1-v%) <ax3 3y?

Substituting the éxpression (1) for w, equation (38)
can be written in the form

- - E r —o° .
) LB(l :6) VAN <F V/;ig - LL"; L crlsif:]ein g=x (39) .

where

Foo= h~[-A(va8 - #%) cosh ay = B (vp® + @2) cos ﬁy}

18 Wo
The function F,, has been evaluated as a function of o8
for a number of values of ¥y, as indicated in figure 21.
If both sides of expression (34) are divided by Ocr» 1%

can be written in the form

2= (D () A e - S B
Ocr 2(1— StV Ocr Bgt Eg Cst.
- Xotiag that,
- ® Gep = Yo Bs 3 i
0 18(1-v )b

the above equation can be written as

B (B T e o

This ratio assumes its maximum value when sin dx = 1.

Hence <-_...> occurs along the line x = 5——.-, and is
. m

. 40
‘given by the bracketed portlan of" equation (28),



NACA Techniezl Note No. 85¢ 23

_ The sum of this maximum bending stress distribution
afid the compression stress distribution given bv expres—
sion (27) gives the maxlmum compression stress dlstrlou—

tion in the =z direction. Taking Ei— = 10 and Eg¢ = Bg,
cr
the maxlmum stress distribution has been plotted for n = 0.5
and | = o, and is shown in figure 22. As seen from this
figure, for the case of simply supported edges the maximum
conpression stress does not appreciably exceed the stringer
stress over the entire panel width. The valve of u = 0.5
corresponds to a stringer of high toreional rigidity and . -
in this case, at the edges y = ig, the maximum compression

stress excecds the stringer stress by approximately 27 per-
cent. This increase in the maximum plate compressive
stress over the stringer stress will not affect to any ap-
preciadles extent the load-carrying ability of the sheet.

The wave form of equation (1) was compared with the
measured wave forms given in figures 27 and 28 of reference
4, as shown 1in figure 23 of this report. Both the trans-
verse and longitudinal wave -forms check closely with the
measured ones. In order.to make this comparison, the tor-
sional rigidity of the stringers must be known. It was
computed approximately by assuming the stringer rigidity
to be the same as that of a rectangular plate having the
same cross—section area and thickness as the stringer:

By this method the torsionazl rigidity was found to be 630
ineh-pounds per radian per inch. The corresponding value
of Y was 0.198, the wave length was determined from fig-
ure 2 and the maximum amplitude from.equation (26) The
buckling stress of the sheet. wvas computed and found to be
2500 pounds per square inch, which checks with tae value
indicated in figure 55 of reference 4.

In view of the good agreement between the calculated
~and measured wave forms,; it is reasonable to expect also
“a good agreement between the calculated ‘and measured .
strains. Galculatlng the strain by the-equation

e_ _ du w1 | O Lg: L /ch '.L a8
-.-# 5jﬁt (axj .? L =& -0 Cst [cis{2¢x

+ F -cosa ¢xi - ;%t (41)
st
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the resulting values at x = % and fﬁ are indicated 1in
figures 24 and 25, where they are compared with the mess-
ured values glven in figure 20 of reference 4. The meas-
ured and calculated strain distributions compars favorggly.
&

The transverse strain at the median fiber, at x = Qle
has been calculated and is compared, in figure 25, with
the obsorved value at x = &nga—i. The agreement appsars

- %0 be remarkably good.
II- EXPERIMENTAL RESULTS

Inasmuch as the wave form is one of the important
factors in the theoretical calculations of the stress dis-
tribution in a buckled plate, it is desirable to have some
knowledge regarding its variation with increasing load.

A number of testes were conducted in which the wave form
was meéasured for various increments of load. The measure-
ments were obtalned by means of a dial gage attached to a
frame mounted on the bed of the testing machine. The re-
sults of these tests are shown in figures 26 to 33, where
the deflections were plotted for various values of the
ratio of the stringer strain eg¢ to the sheet strain ¢,

at buckling. The primary purpose of these tests was to
determine gualitatively the amount of change in the wavs
form with increasing stringer stress. The wave forms plot-
ted in figure 29 indicate that there is in some cases a
considerable change in the wave form. The change in wave
form as indicated by these curves is somewhst irregular:
for example, the 0.025 sheet changed but slightly in wave
form; whereas the change in the 0.04Q sheet ig more than
in the 0.050 sheet. It seems there should be some degree
of congistency in the amount of change in the wave form
as the sheet thickness increasecs.

It is possible that the inconsistencies indicated by
these results can be attridbuted to the influence of buck-
les in the adjacent sheet panels. It is difficult to es-
timate the influence on the compressive stress distribu-
tion dve to the amount of change in wave form as indicated
by the experiments. However, the indicated flattening of
the wave will cause an increase in the y component of
strain which,in turn causes a decrease in the x compo-
nent of strain.



NACA Technical Note No. 859 25

The compression stress-strain properties of the 248-T
sheet material used in the above tests are shown in figures
34 gnd 235. In addition, & number of compression tests wers
conducted on 248-T alclad sheet; the curves for this mate-
rial are shown in figure 36. The method employed in deter-
mining the compressive stress-strain propertles was identi-
cal to that described in reference 7.

The stringer strain as a function of average stress
ig shown in figures 37 to 39 for the various panels tested.
By average stress is meant the compressive load on the pan=-
el divided by its total cross-section area. The stress-
strain properties of the stringers are shown in figures 40
and 41; the section dimensions are showvn in figure 42.

Guggenheim Aerongutics Laborztory.
California Institute of Technology,
. Pasadena, Calif., June 1941.
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APPENDIX A

The value of the torsion-bending constant, Cgp., may
be caleculated either analytically or graphically. Con-
sidering a general sectlon such as that shown 1in figure
43a, the value of Cpp is given by the ocxpression

A A

where w 1is the circumferential warping and is given by

the equation o

w = Jrrt du

0

In the above expression the cross—sectional warping
ry, n has been neglected. Since n, at the most, is

equal to t/2, the warping r, n will, in general, be
small compared to the circumferential warping and may be
neglected.

In evaluating the warping w, the followlng sign
conventions have been adopted. A direction of rotation
is chosen arbitrarily; then the circumferential coordinate
u is taken positive in the direction of rotation. Also
the positive sense of rotation indicates the positive
direction ofthe tangent to the circumferential ceoordinate
u. From the positive tangential direction, the positivs
normal n points to the right and a line drawn from O
in the positive n direction indicates the positive r,
@irection. The angle 0o 1is measured in the positive
sense of rotstion, that isg, from +x %o +y. 48 an illus-~
tration, consider the channel section shown in flgure 43b
and first calculats Cpy @about the point O.

Choose the origin of w at O; then,

From 1 to 2 r, =0

From 2 to 3 r? _ % du is negative and w = -%%
From 1 to 4 ry = 0

From 4 to 6 r¢ = % da is positive and w = %?
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from which

b b
./.;wdA=-§l-2§vfu %"fudu:
o) o b
hence . 8.3
_ a®% 8 g2t = &8 b’%
GBT = —Z—d/‘u du + = Jf = 3
o

Now let Opp be calculated about the point O,
Agein, teke the origin of u at Q; then,

From 1 to 2 ry = +e du is negative, and w = -cu

From 2 to 3 Ty = +% du is negetive, zand w = E%%--%f
From 1 to 4 Ty = +ec du is positive, and w'= cu
From 4 to 5 :rt =_% du is positive, and w =.%% 4-%?
from which
Jf wddA = Q
and a’z ! A

2 r 2
= et = Q_E
Cyrp 2{6 'bfud.u+ T f(u+c) du)¥ ic (a2 + 6D)
0
+ 2b% (v + 3c{f

The integralJ['wdA will not be zero if, for example,

the origin of u 1is taken at point 2. However, the alge-
braic sum of the two integrals of equation (42) will slways
be constant for a given axils of rotation, thet is; the ex~-
rression for GBT is invariant with respect to the origin
of the circumferentigl coordinaté wu. The or;gin of the
rectangular coordinatés .xy must, of course, be taken at
the axis of rotation. Assume, for example, that the cen-
ter of rotation of the section shown in figure 43¢ 1s at
the point 0; then Cpp is evaluated as follows:

Take the origin of u at point 4; then -from 4 to 3

ry =1 + d cos 8 + b sin O
and 9

LT Ty du = r'gf(r + 4 cos B + b sin B) 46

From 3 to 2 T, =T - a

and
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v
a2
W, o = w4—3’9=n +g[ (r = d)du = "7 + 2rb + (r - d)u

From 2 t0 1 ry = 0
and oW, = W5~aiu=5 = + b{3r - &)
Hence i -
- 1P 8 . o _ -
o] = JPW da - ~l”/thA' = tr Jr[re 4+ & 8in 6 -~ b cos B
BT N B
VA b A c . a
+ 1% 40 + t/ [r®nm + 2rb + (r - &)ul® au + t/ [rn
0 ) T '
+ b(3r - d)]a du - i Lrat Jﬁre + d 8in 8 -~ b cos & + D] 4R
b Y 2

+ % zJ/E:raw + 2rb + (r - d)ul dun + t [rbﬁ + b(3r -~ 4)] du}

4

where A 18 the total cross-section area of the section.
It can be seen, for example, that, 1f the orizin of the
circumferential coordinate u is taken at point 1, the
resulting expression for Cgp would be consideradly sim-

plified, since the warping from 1 to 2 would be szero.

When a longitudinal stiffener. is attached to a thin
plate the rigidity of the plate reguires that the axis of—
rotatlion lie 1in the plane of the plate. In computing .

Ozp for this condition, a number of values of Cyp cor=

responding to various positions in the plene of the plate
were computed, and a curve was then plotted of Cpn as

a function of position. The minimum value of Cgp Was

then used in computing.the variation of torsional rigidity
with increasing load.
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